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Abstract
If two dimensions of six-dimensional space-time are compactified, a
topological configuration of Yang-Mills gauge field appears as a cosmic
string in four dimensions, whose thickness is of the same order as the size
of the compact space. We consider scattering of low-energy fermions by
this object.
Recently, the present authors and Hirenzaki have verified the existence of a
vortex-like classical solution in a six-dimensional Yang-Mills (YM) system with
partially compactified space [1]. This object appears to be a cosmic string (CS)
[2] in our space-time. It is notable that this string arises without the need for
elementary scalar fields. CSs of this type might appear in Kaluza-Klein models
including the anomaly-free supergravity model proposed in ref. [3]. This CS may
be connected with scenarios of making clusters of galaxies in (multidimensional)
cosmology.
In ordinary CS scenarios of formation of a large scale structure, it is necessary
to consider gravitational interactions of cosmic strings. Their characteristics
have been understood by analytical and/or numerical methods. Interactions of
matter with CS without gravity have also been investigated in various models,
which were principally related to topics of proton decay in unified theories [4, 5].
The most peculiar interaction independent of details in models is known as
the Aharonov-Bohm (AB) scattering [6]. The scattering of particles occur in the
region far away from the axis of CS, where the gauge configuration is expressed
as pure-gauge. This effect is due to phases of wave functions of the particles.
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In this letter, we consider the AB scattering in the CS model of our six-
dimensional system [1]. The main distinction from the ordinary four-dimensional
models mentioned above is that matter fields also come from six-dimensional
matter fields. We must be careful of the fact that a particle with a unit charge
is not scattered by a CS with a quantized flux (in the absence of gravity). This
phenomenon is understood as the same situation of the “string” in the Dirac
monopole [7]. For the simplest case, namely, in a U(1)-Higgs system, there is
no scattering in the case with only a unit gauge coupling constant.
Since our model consists of YM field, no charged field coupled in arbitrary
strength is allowed. In this paper we introduce fermions in a fundamental rep-
resentation of SU(2) as a matter field. As we will see later, the effective charge
of this fermion is half of the unit when the space-time is reduced.
Now, at the beginning, we review the CS-like solution to six-dimensional
YM equations in the case of a constant geometry.
For a constant background space-time geometry, we choose a sphere as an
extra compactified two-space. Further we give the parametrization of the com-
ponents on this extra space as follows,
Aθ =
1
2
(
0 −iΦe−iφ
iΦ∗eiφ 0
)
, (1)
Aφ = −
1
2
sin θ
(
0 Φe−iφ
Φ∗eiφ 0
)
+
1
2
(
1− cos θ 0
0 −(1− cos θ)
)
,(2)
where θ and φ are the standard spherical coordinates and Φ is assumed to
depend only on the four-dimensional coordinates. Besides these components,
we take out the following “U(1)” part as the four-dimensional components of
gauge field
Aµ = Aµ ×
1
2
(
1 0
0 −1
)
, (3)
By these parametrizations, the YM equations can be shown to be reduced to
those of the Abelian-Higgs model in which Aµ and Φ are regarded as the U(1)
gauge field and the Higgs field, respectively [1]. In these equations the effective
Higgs self-coupling is related with the gauge coupling constant.
Moreover the relation between the U(1) gauge coupling and the Higgs cou-
pling constant causes that a vortex solution is given as a self-dual solution to
first-order simultaneous differential equations. Of course, this vortex solution
is self-dual configuration of YM field in the original form. Namely, the classical
solution represents embedding of an instanton into the four-space which consists
of extra space plus the x-y plane. The width of this string is of the same order
of size as the extra space.
The classical solution with n-vorticity centered at the origin has the following
behaviour:
Φ = 0 at the origin, Φ = einϕ at the spatial infinity, (4)
Aϕ = 0 at the origin, Aϕ = −n at the spatial infinity, (5)
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where r and ϕ are the polar coordinates of x-y plane. In this description we do
not use the orthonormal coordinate basis but a general coordinate basis. If r
is infinity, the field strengths of SU(2) are zero, i.e., expressed in a pure-gauge
form. The magnitude of flux is determined by the winding number, n.
It is important to note that the flux of the string is not arbitrary as in usual
cosmic string models.
Now, we consider a fermion in the fundamental representation of SU(2) as
a matter field. In six dimensions, a Dirac fermion has at least eight complex
components. Here, for simplicity, we deal with a massless Weyl fermion, while
an extension to a general case is straightforward. The Dirac matrices in six
dimensions are defined as follows;
Γµ = γµ ⊗ σ1 , (µ = 0, 1, 2, 3) , (6)
Γ4 = γ5 ⊗ σ
1 , (7)
Γ5 = 14 ⊗ σ
2 , (8)
where γµ, γ5 and 14 are the four-dimensional Dirac matrices, chiral and unit
matrices, respectively. The Weyl condition is Γ7Ψ = γ5 ⊗ σ
3Ψ = +Ψ.
When the compact space has non-zero curvature, the fermions acquire super
heavy masses in four dimensions. This is also true when the fermions are coupled
only with the gauge field which is expressed merely by pure gauge. In the
present model, we can have massless particle states by introducing a coupling
with a topologically non-trivial gauge field configuration [8]. In ref. [1], we have
introduced an extra U(1) gauge field to stabilize the compact space. Here we
make use of it to obtain massless modes of fermion.
The Dirac equation is written as follows,
ΓMDMΨ = Γ
M
(
∂M +
1
4
ωMABΓ
AB + iAM + iBM
)
Ψ = 0 , (9)
where ΓAB = 12 [Γ
A,ΓB] and BM is the newly introduced U(1) gauge field which
has the following monopole-like classical configuration
BM =
1
2
(cos θ ± 1) . (10)
We consider eigenstates of four-dimensional chiral matrix as γ5ψ = ψ. We
assume the string is sufficiently narrow in comparison with the wavelength of
the matter field. We seek for the lowest energy states in (outside) vacuum, i.e.,
the zero modes of the covariant derivative which acts in the extra space. Other
fermionic modes besides the zero mode have masses of the order of an inverse
of the scale of the extra space, in our world.
There exist two of such zero-mode eigenfunctions which correspond to two
components of the fundamental representation. Those are the following ones,
ΨI(θ, φ, ϕ) =
(
cos 12θ e
iφ/2
e−inϕ sin 12θ e
3iφ/2
)
, (11)
ΨII(θ, φ, ϕ) =
(
− sin 12θ e
−iφ/2
e−inϕ cos 12θ e
iφ/2
)
, (12)
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In these descriptions, the column denotes the components of SU(2) doublet
and we have omitted to write the eigenfunction ψ of four-dimensional chiral
matrix, i.e., γ5ψ = ψ.
It is an essential difference from the eigenfunctions of ordinary Kaluza-Klein
mode function that they depend on the azimuthal coordinate ϕ.
From now on, we can trace the same way as in ref. [5]. The whole eigen-
functions are given as direct products of what was derived above and of the
following wave function
P
(±)
kl (r, ϕ) = ak
(
J±(l+n/2)(kr)
±iJ±(l+n/2+1)(kr)e
iϕ
)
eilϕ−iωt , (13)
where Jn(x)’s are the Bessel functions, k is the energy of the partial wave and
l is the label of the angular momentum. The two components here are those of
a Weyl fermion.
In the approximation of infinitesimal string thickness, we can get the differ-
ential cross section by the standard way [5] with the assumption that the func-
tional form of the extra-dimensional portion of incoming and outgoing waves
are the same. The cross section per unit length (along the string) is,
dσ
dΘ
=
1
2 [1− (−1)
n]
2pik sin2 Θ2
, (14)
where Θ is a scattering angle.
As a conclusion of this, we can observe scattering of a massless fermion in
the fundamental representation of SU(2) by the string which has the flux with
any odd-numbered unit, in our model.
We must emphasize that in our model the charge of the fermions differs by
a factor 12 from the usual one, giving a scattering cross section with maximal
Aharonov-Bohm enhancement. The cause of this is that the coupling constant
between Aµ and Ψ is half of that between Aµ and Φ. The factor
1
2 can be seen
in equation (3).
This model will be extended to have a greater group and a higher-dimensional
extra space. In such a case it is expected that there occurs the AB scattering
by the CS of the present kind. Obviously, matter fields in the faithful represen-
tations of the group, such as the adjoint representation, are never scattered by
the CS.
In the case that the wavelength is comparable with the string thickness,
namely when the thickness cannot be negligible, we should treat the wave func-
tion inside the string core exactly. Then we analyze whether mixing among
Kaluza-Klein excitation states occurs or not. Since dependence in extra-dimensional
coordinates of eigenfunctions varies with the four-dimensional coordinate r, it
is suitable to study the effects of extra space in a very early, multi-dimensional,
universe. Further, it is a challenging problem for numerical analysis. This will
be a future subject.
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